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It has been argued that, starting with a slightly sub-extremal Kerr black hole instead of an
extremal one, it is possible to overspin a black hole past the extremal limit and turn it into a naked
singularity by sending test bodies, if one neglects radiative and self-force effects. In this work we show
that (i) an extremal Kerr black hole can not be overspun as a result of the interaction with massless
integer spin test fields (scalar, electromagnetic, or gravitational), (ii) overspinning can be achieved
if we start with a nearly extremal black hole instead, and (iii) for the scalar field, the argument
applies to more general black holes, and also allows use of a more general field configuration. Our
analysis also neglects radiative and self-force effects.
I. INTRODUCTION
The deterministic nature of general relativity relies on
the validity of Cosmic Censorship Conjecture which in its
weak form (WCCC) states that gravitational collapse of
a body always ends up in a black hole rather than a naked
singularity [1], i.e. “naked singularities” can not evolve
starting from nonsingular initial data. Conjecturing sin-
gularities to be hidden behind event horizons without
any access to distant observers enables the specification
of a well defined initial value problem and thereby we can
avoid the theoretical problems that could be caused by
the inevitable formation of singularities in gravitational
collapse.
As reasonable as it may seem, a concrete proof of the
CCC has been elusive, so one way to test the validity of
the conjecture is to challenge its seemingly weak spots
by constructing gedanken experiments. In these experi-
ments one envisages a black hole absorbing some particles
or fields coming from infinity. The no-hair theorem [2] in
classical general relativity, which states that stationary,
asymptotically flat spacetimes are uniquely described by
three parameters (Mass M , charge Q, and angular mo-
mentum per unit mass a), guarantees that once the parti-
cles/fields are absorbed/reflected, the spacetime will set-
tle to another black hole with new parameters M ′, Q′,
and a′. In this work we consider neutral Kerr black holes,
characterized by the two parameters M and a. The ex-
istence of the event horizon, which discriminates black
holes and naked singularities, depends on an inequality
involving these two parameters
M2 ≥ a2. (1)
In other words, a spacetime described by the Kerr met-
ric corresponds to a black hole, if (1) is satisfied, but
to a naked singularity if it is violated; in the borderline
case, i.e. when (1) is saturated, the spacetime is said to
describe an extremal, or a critical black hole. We con-
struct our thought experiments to check if we can push
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the initially nonsingular spacetime satisfying (1) beyond
the extremal limit, so that the final spacetime violates
(1), and describes a naked singularity. The changes in
the Kerr parameters are infinitesimal, therefore one usu-
ally prefers to start the thought experiment from condi-
tions infinitesimally close to where we would like to push
the system, i.e. from the extremal black hole. The first
thought experiment in this vein was constructed by Wald
[3]. He showed that particles with enough charge and/or
angular momentum to overcharge/overspin a black hole
either miss, or are repelled by, the black hole. This re-
sult was generalised to the case of dyonic black holes for
spinless test particles [4] and scalar test fields [5, 6].
Our work is motivated by Hubeny [7], and especially
by Jacobson-Sotiriou (JS) [8], who started with nearly
extremal black holes instead of extremal ones, and used
test bodies to overcharge/overspin black holes, neglect-
ing backreaction effects. Later Barausse et. al. con-
sidered backreaction, radiative and self-force effects for
this case, and concluded that conservative self-force may
prevent the particle from being captured [9, 10]. They
used MiSaTaQuWa equations [11, 12] for gravitational
self force which are derived for a test body of mass m
approximated by a black hole. Similar effects were also
analyzed for the case of overcharging slightly subextremal
Reissner-Nordstro¨m black holes [13–15]. There are also
works extending the test-particle result to slightly subex-
tremal Kerr-Newman black holes [16], discussing quan-
tum effects in the related contexts [17–21], challenging
WCCC with spherical shells [22] and claiming WCCC vi-
olation even for extremal black holes and test particles,
due to higher order terms [23].
II. TEST FIELD MODES ON THE KERR
METRIC
In the present work we consider the scattering of free
test fields from a Kerr black hole to see if it is possi-
ble for the black hole to turn into a naked singularity.
We use massless fields of spin 0,1,2 (scalar, electromag-
netic and gravitational) that satisfy Teukolsky equation
for perturbations of a Kerr black hole [24]. Our analysis
2also neglects radiative and self-force effects. Restricting
ourselves to neutral black holes we avoid the first or-
der interaction of the test electromagnetic field with the
electromagnetic field of the black hole, so we can treat
the electromagnetic field on equal footing with scalar and
gravitational fields. The thought experiment consists of a
packet of waves (so that the field energy is finite) of dom-
inant frequency ω and dominant azimuthal wave number
m, scattering from the black hole: Initially, at t → −∞
there is no field, just the black hole. Then the field comes
in from infinity, interacts with the black hole, being par-
tially “transmitted” and partially reflected back to in-
finity. The interaction changes the mass and angular
momentum of the central object. As t → ∞, the field
decays away leaving behind (by the no-hair theorem) an-
other Kerr spacetime, but with new values of M and a.
An incident wave mode can be written in Boyer-
Lindquist coordinates as
Ψ(r, θ, φ, t) = f(θ, r)eimφe−iωt (2)
Due to the boundary conditions the function f describes
only ingoing waves at the horizon, and both ingoing and
outgoing waves at infinity. In being scattered by the
hole the wave causes changes dM and dJ in black hole
parameters where J = aM .
For scalar waves the stress energy tensor is
Tµν = Ψ,µΨ,ν − 1
2
gµνΨ,αΨ
,α. (3)
Since the Kerr spacetime admits two Killing vectors ∂/∂t
and ∂/∂φ, the net radial flux of energy and the net radial
flux of angular momentum are given by surface integrals
of −T rt and T rφ respectively. Therefore for scalar waves
one can show that the ratio of the net flux of angular mo-
mentum to the net flux of energy across any sphere cen-
tered at the black hole is just m/ω, by comparing −T rt
and T rφ. Bekenstein states that the same ratio holds
for electromagnetic and gravitational waves by his gen-
eral argument which regards the waves as a composition
of many quanta with energy h¯ω and angular momentum
h¯m far from the black hole [25]:
dJ = (m/ω)dE (4)
where dE = dM for the black hole.
III. THE (SUB)EXTREMAL KERR BLACK
HOLE, TEST FIELD MODES AND CCC
We are searching for the range of frequencies that can
lead to a violation of (1) for a given δE, that is, for a
given change in black hole mass. Let us recast the condi-
tion for WCCC violation in terms of angular momentum,
J + δJ > (M + δE)2 (5)
and use the same parametrization for closeness to ex-
tremality as JS, so that we can compare with their re-
sults:
J/M2 = a/M = 1− 2ǫ2, (6)
where ǫ≪ 1 is implied. This turns (5) into
δJ > 2ǫ2M2 + 2MδE + δE2. (7)
Since we are dealing with waves of a given angular wave
number and (dominant) frequency, we can use (4) to con-
vert this to
0 > 2ǫ2M2 + 2M
(
1− ω0
ω
)
δE + δE2 (8)
where have defined
ω0 =
m
2M
. (9)
Conventionally, ω is taken to be positive without loss of
generality. If (ω−ω0) is positive, we need negative δE to
satisfy the inequality (8); i.e. the field must be amplified
as is scatters off the black hole. This is the well-known
effect of superradiance [26], occuring for 0 < ω < ωsl.
This amplification occurs for scalar, electromagnetic and
gravitational waves, that is, for integer-spin fields, and
for all three types, the limiting frequency is given by [27]
ωsl = mΩ =
ma
r2+ + a
2
=
ma
2Mr+
= ω0
(1− 2ǫ2)
(1 + 2ǫ
√
1− ǫ2)
(10)
where Ω is the rotational frequency of the black hole, and
m is positive; that is, superradiance does not occur for
negative m.
Hence we must take positive m in attempting to vio-
late CCC [for negative m, both (ω − ω0) and δE will be
positive]. Now, to satisfy the inequality (8) we must have
4M2
(
1− ω0
ω
)2
− 8ǫ2M2 > 0. (11)
For ω > ω0 we get
1− ω0
ω
>
√
2 ǫ =⇒ ω > ω0
1−√2 ǫ ≡ ω2 (12)
On the other hand, for ω < ω0, (11) gives
1− ω0
ω
< −
√
2 ǫ =⇒ ω < ω0
1 +
√
2 ǫ
≡ ω1 (13)
Note that
ωsl ≤ ω1 ≤ ω0 ≤ ω2, (14)
where the inequalities are saturated for ǫ = 0, i.e. the
extremal black hole. In fact, the differences smoothly go
to 0 in that limit.
Now, (12) just means ω > ω2, since ω2 ≥ ω0. But in
this range, (8) cannot be satisfied, since both factors in
the second term of (8) are positive.
3Similarly, (13) means ω < ω1, since ω1 ≤ ω0. Since
ωsl ≤ ω1, we can separate this range into two. The range
0 < ω < ωsl represents superradiant frequencies, hence
(8) cannot be satisfied, since both factors in the second
term are negative.
However, for ωsl < ω < ω1, it is possible to satisfy (8):
The first factor in the second term is negative, the second
positive. For example, we may choose
ω¯ = ω0(1− 3
2
ǫ),
¯δE = −M
(
1− ω0
ω¯
)
=
3ǫ
2− 3ǫM (15)
for ω and δE, to get
− ǫ
2M2
(2− 3ǫ)2 (1 + 12ǫ− 18ǫ
2) (16)
for the right-hand-side of (8). Hence this case represents
a violation of the weak CCC, given our assumptions.
We conclude that the only frequency range that can
violate the WCCC is ωsl < ω < ω1. The fact that the
interval shrinks to zero as the extreme case is approached
establishes the proof that the WCCC cannot be violated
by sending scalar, electromagnetic, or gravitational test
fields of a certain frequency into an extremal black hole,
in a limited sense generalizing [5, 6] to all integer-spin
test fields.
For subextremal black holes, we can parametrize the
frequency in the above interval as ω = ω0 + (s− 2)ǫω0
where 0 < s < 2 −√2 and we are working to first order
in ǫ. Then, if δE is chosen in the range between
δE1,2 =
[
(2 − s)∓
√
(2 − s)2 − 2
]
ǫM, (17)
the right-hand-side of (8) will be negative. The exam-
ple above (16) corresponds to the choices s = 1/2 and
δE = (2− s)ǫM , (the central value, to first order).
It is comforting to see that δE is of order ǫM , i.e. that
δE ≪ M ; we also have δJ ≪ J ; hence the test-field
approximation is justified.
The only apparent problem is that at the lower end of
the frequency range, that is, at ω = ωsl, the absorbed
energy δE passes through zero (writen as function of ω
for given amplitude [28], Fig.1; after all, δE is positive on
one side and negative on the other), so that we would not
be able to choose a nonzero δE at that frequency. But the
interval of the useful frequencies is an open interval, and
we can always avoid ωsl, as illustrated by the example
above; and of course, one example is enough.
Therefore we have shown that there exists a combina-
tion ω, δJ and δE for any integer-spin test field incident
on a slightly subextremal Kerr black hole, that can over-
spin the black hole into a naked singularity as long as the
radiative and self force effects are neglected.
IV. SCALAR WAVES, SUBEXTREMAL
KERR-NEWMAN BLACK HOLES AND CCC
For scalar fields, we can actually do better, removing
the constraints of neutral black holes, massless fields and
a single (dominant) frequency: In [5], a cosmic censorship
indicator CCC = M2− (Q2 + a2) is defined for a dyonic
Kerr-Newman black hole, and the change of this indicator
after interaction of the black hole with a wave packet of
complex massive scalar field is found to be
δ(CCC) =
M2 + a2
2πM
∫
dω
∑
l,m
flm(ω)f
∗
lm(ω)[ω +
eQeM − am
M2 + a2
][ω +
eQer+ − am
r2+ + a
2
]BωlmB
∗
ωlm (18)
where e is the charge of a field quantum, Qe the elec-
tric charge of the black hole, Bωlm the amplitude at
the horizon for the transformed radial wavefunction
U(r) =
√
r2 + a2R(r) of the wavemode ω, l,m such that
it has unit ingoing amplitude at infinity, and flm(ω) the
coefficient showing that mode’s contribution to the wave
packet. The first observation is that there are no cross-
terms, i.e. each mode’s contribution can be calculated
independently, and subsequently added. The second ob-
servation is that only frequencies between ω1 and ω2 will
make negative contribution to δ(CCC), where
ω1 =
am− eQer+
r2+ + a
2
and ω2 =
am− eQeM
M2 + a2
. (19)
In terms of the same variables, it is also possible to cal-
culate δM and δJ :
δM =
1
2
∫
dω
∑
l,m
flm(ω)f
∗
lm(ω)[ω +
eQer+ − am
r2+ + a
2
]ωBωlmB
∗
ωlm (20)
δJ =
1
2
∫
dω
∑
l,m
flm(ω)f
∗
lm(ω)[ω +
eQer+ − am
r2+ + a
2
]mBωlmB
∗
ωlm. (21)
4Equation (20) allows us to identify ω1 as the superra-
diance limit; consistent with the paragraph after (9). Of
course, the main result of [5] is that for extremal black
holes, ω1 and ω2 coincide, hence CCC cannot be de-
creased from its value of zero. But now, let us consider
a slightly subextremal black hole. Such a black hole will
be characterized by a small positive initial value of CCC,
say ε2M2 in a parametrization similar to that of JS.
Then, to turn this black hole into a naked singularity,
we need to have δ(CCC) < −ε2M2. This could be ac-
complished by a wave packet with frequencies dominant
between ω1 and ω2, say a Gaussian distribution with peak
near the average of ω1 and ω2 for each m (tails may ex-
tend outside the interval, as long as the interval is domi-
nant). Then we can estimate for typical values of flm(ω):
|flm|2 >∼
8πε2M3
(M2 + a2)∆ω (ω2 − ω1)2|B|2αlm (22)
where ∆ω is the width of the frequency distribution, |B|
the typical magnitude for Bωlm, and αlm a factor of order
unity or smaller, describing the contribution of modes
labeled by l and m to δ(CCC). But, (ω2 − ω1) must
depend on ε, considering that it vanishes in the extremal
case. We find to first order in ε
(ω2 − ω1) ≈ εM
(M2 + a2)2
[2Mam− eQe(M2 + a2)]. (23)
Since ∆ω must also be similar to (ω2 − ω1), we have
|flm|2 ∼ 1/ε. This seems surprising at first, but one
should keep in mind that the single-mode case also cor-
responds to |flm|2 ∼ δ(ω − ω0).
These results give us estimates for contributions of
same modes to δM and δJ , again to first order in ε :
δMlm >∼
επM(am− eQeM)
am− eQe
2M
(M2 − a2)αlm (24)
δJlm >∼
επM(M2 + a2)m
am− eQe
2M
(M2 − a2)αlm (25)
from which we can see that δM ≪ M and δJ ≪ J ,
confirming the validity of the test field approximation.
Hence we have generalized the Hubeny – JS idea [7, 8] to
general classical black holes (not just Reissner-Nordstro¨m
or Kerr, but with four parameters, including magnetic
charge), using tailored wave packets of general (massive,
complex) scalar test fields (but no photons). We have nei-
ther assumed single-mode perturbations, nor the Beken-
stein relation (4) initially, but were forced to use a narrow
range of frequencies for eachm used [the absence of cross-
terms in the integral expression (18) allows us to use a
single positive m, if we want, approximately realizing the
Bekenstein case].
V. CONCLUSIONS
We have shown that the idea of starting from slightly
subextremal black holes to violate WCCC seems to work
also using integer-spin test fields instead of test particles;
again, if radiative and self-force effects ate neglected. As-
suming Kerr black hole, and massless single-frequency-
dominant fields, we can present a unified treatment for
all three types of fields. In addition, for scalar fields, we
can start from very general assumptions about the black
hole and the field; but the requirement of WCCC vio-
lation forces the field to (a) narrow frequency range(s),
after all.
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